Playing with
Numbers

Chapter 3

Introduction

Ramesh has 6 marbleswith him. Hewantsto arrangetheminrowsin such away

that each row hasthe same number of marbles. Hearrangesthemin thefollowing
ways and matchesthetotal number of marbles.

(i) 1marbleineachrow :
Number of rows =6 ®
Total number of marbles =1x6=6 ®

o
. . e

(i) 2 marblesin each row
Number of rows =3 o o
Total number of marbles =2x3=6 o o

(iii) 3 marblesin each row °°
Number of rows =2 e o o
Total number of marbles =3x2=6 e o o

(iv) Hecould not think of any arrangement in which each row had 4 marblesor
5 marbles. So, the only possible arrangement left waswith al the 6 marbles
inarow.

Number of rows =1 L OO
Total number of marbles =6x1=6

From these cal cul ations Ramesh observesthat 6 can be written asaproduct
of two numbersin different ways as

6=1x6; 6=2x3; 6=3x%x2; 6=6x1
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From 6 =2 x 3it can be said that 2 and 3 exactly divide 6. So, 2 and 3 are
exact divisorsof 6. From the other product 6 = 1 x 6, theexact divisorsof 6 are
foundtobe1land6.

Thus, 1, 2, 3and 6 are exact divisors of 6. They are called thefactor s of 6.
Try arranging 18 marbles in rows and find the factors of 18.

3.2 Factorsand Multiples

Mary wants to find those numbers which exactly divide 4. She divides 4 by
numbers less than 4 this way.

1) 44 2) 4 (2 3) 4(1 4) 4(1
=4 =4 — =4
0 0 1 0
Quotientis4 Quotientis2 Quotientis1 Quotient is1
Remainder isO Remainder isO Remainderisl RemainderisO
4=1x4 4=2x2 4=4x1

She finds that the number 4 can be written as: 4 =1 x 4, 4 =2 x 2;
4 =4 x 1 and knows that the numbers 1, 2 and 4 are exact divisors of 4.

These numbers are called factors of 4.
A factor of a number is an exact divisor of that number.
Observe each of the factors of 4 isless than or equal to 4.

@ Game-1: Thisisagameto be played by two personssay Aand B. It is

about spotting factors.

It requires 50 pieces of cards numbered 1 to 50.
Arrange the cards on the table like this.

1 2 3 4 5 6 7
8 9 10 1| |12 13| |14
15| |16 [17] 18] (19 20| (21
22| 23| (24| [25] |26 27| |28
29| [30| (31| [32] |33 34| |35
36| (37| (38| (39| |40| [41]| |42
43| |a4| |45 46| |47 48| |49| |50
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Seps

(8 Decidewho playsfirst, Aor B.

(b) Let A play first. He picks up a card from the table, and keeps it with him.
Supposethe card has number 28 onit.

(c) Player B then picks up all those cards having numberswhich arefactors of
thenumber onA’scard (i.e. 28), and putstheminapilenear him.

(d) Player B then picksup acard from the table and keepsit with him. From the
cardsthat areleft, A picksup al those cards whose numbers are factors of
thenumber onB’scard. A putsthem on the previous card that he collected.

(e) Thegame continueslikethisuntil all the cardsare used up.

(f) A will add up the numbers on the cards that he has collected. B too will do
thesamewith hiscards. The player with greater sumwill be thewinner.
The game can be made moreinteresting by increasing the number of cards.

Pay thisgamewith your friend. Can you find someway to win the game?
Whenwewriteanumber 20as20=4x 5, wesay 4

and 5 arefactorsof 20. Wealso say that 20isamultiple multiple

of 4and 5. T
Therepresentation 24 = 2 x 12 showsthat 2 and 12 4 x 5=20

arefactors of 24, whereas 24 isamultiple of 2 and 12. l

We can say that anumber isamultipleof each of its factor factor

U gy,

factofs o Try TheseQy
Let us now see some interesting facts about factors and Findthepossible
multiples. factorsof 45, 30
(8 Collect a number of wooden/paper strips of length 3  and 36.
unitseach.
(b) Jointhem end to end asshowninthefollowing 3|3
figure. 3[3]| 6
Thelength of thestripat thetopis3=1x3units. | 3| 3| 3| 9
Thelengthof thestripbelow itis3+3=6units. 373 [ 3 [ 3] 12
Also, 6=2x 3. Thelength of thenext stripis3+ 3+ 3131331315
3=9units, and 9= 3 x 3. Continuing thisway we

can expressthe other lengths as,
12=4x3: 15=5x3
We say that the numbers 3, 6, 9, 12, 15 are multiples of 3.

Thelist of multiplesof 3 can be continued as 18, 21, 24, ...

Each of these multiplesisgreater than or equal to 3.
The multiples of the number 4 are 4, 8, 12, 16, 20, 24, ...
Thelistisendless. Each of these numbersisgreater than or equal to 4.
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L et us see what we conclude about factors and multiples:

1.

| sthere any number which occurs asafactor of every number ?Yes. Itis1.
For example 6 =1 x 6, 18 = 1 x 18 and so on. Check it for a few more
numbers.
We say 1isafactor of every number.
Can 7 beafactor of itself ?Yes. Youcanwrite7as7 =7 x 1. What about 10?
and 15?.

You will find that every number can be expressed in this way.

We say that every number isafactor of itself.
What are the factors of 16? They are 1, 2, 4, 8, 16. Out of these factors do
you find any factor which does not divide 16? Try it for 20; 36.

You will find that every factor of a number is an exact divisor of
that number.

What are the factors of 34? They are 1, 2, 17 and 34 itself. Out of these
which isthe greatest factor? It is 34 itself.

The other factors 1, 2 and 17 are less than 34. Try to check thisfor 64,
81 and 56.

We say that every factor islessthan or equal to the given number.

The number 76 has 5 factors. How many factors does 136 or 96 have? You
will find that you are able to count the number of factors of each of these.

Even if the numbers are as large as 10576, 25642 etc. or larger, you
can still count the number of factors of such numbers, (though you may
find it difficult to factorise such numbers).

We say that number of factorsof a given number arefinite.

What are the multiples of 7? Obvioudly, 7, 14, 21, 28,... You will find that
each of these multiples is greater than or equal to 7. Will it happen with
each number? Check this for the multiples of 6, 9 and 10.

We find that every multiple of anumber isgreater than or equal to

that number.

Write the multiples of 5. They are 5, 10, 15, 20, ... Do you think this
list will end anywhere?No! The list isendless. Try it with multiples of
6,7 etc.

We find that the number of multiples of a given number isinfinite.

Can 7 beamultipleof itself ? Yes, because 7 = 7x1. Will it betruefor other
numbersalso? Try it with 3, 12 and 16.

You will find that every number isa multiple of itself.
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Thefactorsof 6 are 1, 2, 3and 6. Also, 1+2+3+6 = 12 = 2 x 6. Wefind that
the sum of thefactors of 6 istwicethe number 6. All thefactorsof 28 are 1, 2,
4,7,14 and 28. Adding thesewehave, 1+2+4+7+14+28=56=2 % 28.

The sum of the factors of 28 isequal to twice the number 28.

A number for which sum of all its factorsis equal to twice the number is

called a perfect number. The numbers 6 and 28 are perfect numbers.
Is 10 a perfect number?

Example 1 : Write al the factors of 68.
Solution : We note that
68 =1 x 68 68=2x 34
68 =4 x 17 68 =17 x4

Stop here, because 4 and 17 have occurred earlier.
Thus, all thefactorsof 68 are 1, 2, 4, 17, 34 and 68.

Example 2 : Find the factors of 36.
Solution : 36=1x 36 36=2x18 36=3x12
36=4x9 36=6x6
Stop here, because both the factors (6) are same. Thus, thefactorsare 1, 2,
3,4,6,9, 12,18 and 36.

Example 3 : Writefirst five multiples of 6.
Solution : Therequired multiplesare: 6x1=6, 6x2 = 12, 6x3 =18, 6x4 = 24,
6x5=301i.e 6, 12, 18, 24 and 30.

F -

.\ EXERCISE 3.1

N

1. Writedl thefactorsof thefollowing numbers:
@ 24 (b) 15 (c 21
(d 27 (¢ 12 (fy 20
(9 18 (h) 23 @i 36
2. Writefirg fivemultiplesof :
@5 (b8 © 9

3. Matchtheitemsincolumn 1 withtheitemsincolumn2.

Column1l Column2

(i) 35 (@ Multipleof 8
@iy 15 (b) Multipleof 7
(i) 16 () Multipleof 70

(iv) 20 (d) Factor of 30
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(v) 25 (e) Factor of 50
(f) Factor of 20
4. Findadl themultiplesof 9 upto 100.

3.3 Prime and Composite Numbers

Weare now familiar with the factors of anumber. Observethe number of factors
of afew numbersarranged inthistable.

Numbers Factors Number of Factors
1 1 1
2 1,2 2
3 1,3 2
4 1,24 3
5 1,5 2
6 1,236 4
7 1,7 2
8 1,2,4,8 4
9 1,39 3
10 1,25, 10 4
11 1,11 2
12 1,23,4,6,12 6

We find that (a) The number 1 has only one factor (i.e. itself ).

(b) Therearenumbers, having exactly two factors 1 and the number itself. Such
number are 2, 3, 5, 7, 11 etc. These numbers are prime numbers.
The numbers other than 1 whose only factors are 1 and the number itself
are called Prime numbers.
Try to find some more prime numbers other than these.
(c) Thereare numbers having morethan two factorslike4, 6, 8,9, 10 and so on.
These numbers are composite numbers.

Numbers having more than two factors are
lisneither aprimenor| called Composite numbers.

a composite number. Is15 acomposite number? Why?What about
187257
Without actually checking the factors of a number, we can find prime

numbers from 1 to 100 with an easier method. This method was given by a
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Greek Mathematician Eratosthenes, in the third century B.C. Let us see the
method. List all numbersfrom 1 to 100, as shown below.

B x (5 ¥

»
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Step 1: Crossout 1 becauseit isnot aprime number.

Step 2: Encircle 2, crossout all the multiplesof 2, other than 2 itself, i.e. 4, 6,
8 and so on.

Step 3: Youwill find that the next uncrossed number is3. Encircle 3 and cross
out all the multiples of 3, other than 3 itself.

Step 4: Thenext uncrossed number is5. Encircle5 and crossout al themultiples
of 5 other than 5 itself.

Step 5 : Continue this process till al the Tl’y These )
numbersinthelist are either encircledor ~ Opservethat 2 x 3+ 1= 7isa

crossed out. prime number. Here, 1 has been
All the encircled numbers are prime  added to a multiple of 2 to get a

numbers. All the crossed out numbers, prime number. Can you find
other than 1 are composite numbers. some more numbers of thistype?
This method is called the Sieve of

Eratosthenes.

Example4 : Writeall the prime numberslessthan 15.

Solution : By observing the Sieve Method, we can easily write the required
primenumbersas?2, 3,5, 7, 11 and 13.

even and odd numbers
Do you observe any pattern in the numbers 2, 4, 6, 8, 10, 12, 14, ...? You will
find that each of themisamultiple of 2.

These are called even numbers. Therest of thenumbers 1, 3,5, 7,9, 11,...
are called odd numbers
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You can verify that atwo digit number or athreedigit number iseven or not.
How will you know whether anumber like 756482 iseven? By dividingit by 2.
Will it not be tedious?

We say that anumber with O, 2, 4, 6, 8 at the ones place is an even number.
So, 350, 4862, 59246 are even numbers. The numbers 457, 2359, 8231 are dll
odd. Let ustry to find some interesting facts:

(& Which is the smallest even number? It is 2. Which is the smallest prime
number?Itisagain 2.

Thus, 2 isthe smallest prime number which is even.

(b) Theother primenumbersare 3,5, 7, 11, 13, ... . Do you find any even number
inthislist? Of course not, they areall odd.
Thus, we can say that every primenumber except 2isodd.

N

» EXERCISE 3.2

1. Whatisthesum of any two (a) Odd numbers? (b) Even numbers?
2. Satewhether thefollowing statementsare Trueor False:

(& Thesum of threeodd numbersiseven.
(b) Thesum of two odd numbersand one even number iseven.
(¢) Theproduct of three odd numbersisodd.
(d) If aneven number isdivided by 2, the quotient isalways odd.
(&) All primenumbersare odd.
(f) Primenumbersdo not haveany factors.
(@) Sum of two primenumbersisawayseven.
(h) 2istheonly even primenumber.
(i) All even numbersarecomposite numbers.
(j) Theproduct of two even numbersisawayseven.
3. Thenumbers13and 31 are prime numbers. Both these numbershave samedigits 1
and 3. Find such pairsof prime numbersupto 100.

4. Writedown separately the prime and composite numberslessthan 20.
5. What isthegreatest prime number between 1 and 10?
6. Expressthefollowing asthesum of two odd primes.
(@ 44 (b)36 (c) 24 (d) 18
7. Givethreepairsof primenumberswhosedifferenceis2.
[Remark : Two primenumberswhosedifferenceis2 are called twin primes|.
8. Whichof thefollowing numbersareprime?
@ 23 (b)51 (c) 37 (d) 26
9. Write seven consecutive composite numberslessthan 100 so that thereisno prime

o
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10. Expresseach of thefollowing numbersasthe sum of three odd primes:
@21 (b)31 (c) 53 (d)61
11. Writefivepairsof primenumberslessthan 20 whosesumisdivisibleby 5.
(Hint : 3+7=10)
12. Fill intheblanks:
(& A number which hasonly twofactorsiscaleda .
(b) A number which hasmorethantwofactorsiscalleda .
(©) lisneither nor .
(d) Thesmallest primenumberis .
(e) Thesmallest compositenumberis .
(f) Thesmallest evennumberis .

3.4 Tests for Divisibility of Numbers

Isthe number 38 divisible by 2?by 4?by 5?

By actualy dividing 38 by these numberswefind thatitisdivisible by 2 but
not by 4 and by 5.

L et us seewhether we can find apattern that can tell uswhether anumber is

divisbleby 2,3,4,5, 6, 8,9, 10 or 11. Do you think such patterns can be easily
seen?
Divisibility by 10 : Charu was looking at the multiples of
10. The multiplesare 10, 20, 30, 40, 50, 60, ... . Shefound
something common in these numbers. Can you tell what?
Each of these numbers has 0 in the ones place.

Shethought of some more numberswith O at onesplace
like 100, 1000, 3200, 7010. She also found that all such numbersaredivisible
by 10.

Shefindsthat if anumber hasOin theonesplacethenitisdivisbleby 10.

Canyou find out thedivisibility rulefor 1007?

Divisibility by 5: Mani found some interesting pattern in the numbers 5, 10,
15, 20, 25, 30, 35, ... Can you tell the pattern? L ook at the unitsplace. All these
numbershaveeither 0 or 5intheir ones place. We know that these numbersare
divisibleby 5.

Mani took up some more numbers that are divisible by 5, like 105, 215,
6205, 3500. Again these numbers have either O or 5in their ones places.

Hetried to divide the numbers 23, 56, 97 by 5. Will he be able to do that?
Check it. He observes that a number which has either 0 or 5in its ones

placeisdivisible by 5, other numbers|eave aremainder.

s 1750125 divisible 5?
Divisibility by 2 : Charu observes afew multiples of 2to be 10, 12, 14, 16...
and also numbers like 2410, 4356, 1358, 2972, 5974. She finds some pattern
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inthe ones place of these numbers. Canyou tell that? These numbershaveonly
thedigits0, 2, 4, 6, 8 in the ones place.

Shedividesthese numbersby 2 and getsremainder 0.

She also finds that the numbers 2467, 4829 are not divisible by 2. These
numbers do not have 0, 2, 4, 6 or 8 in their ones place.

Looking at these observations she concludes that a number is divisible
by 2 if it hasany of thedigitsO, 2, 4, 6 or 8in itsonesplace.

Divisibility by 3 : Are the numbers 21, 27, 36, 54, 219 divisible by 3? Yes,
they are.

Are the numbers 25, 37, 260 divisible by 3?7 No.

Can you see any pattern in the ones place? We cannot, because numbers
with the same digit in the ones places can be divisible by 3, like 27, or may
not bedivisibleby 3 like 17, 37. Let usnow try to add the digits of 21, 36, 54
and 219. Do you observe anything special ? 2+1=3, 3+6=9, 5+4=9, 2+1+9=12.
All these additions are divisible by 3.

Add the digitsin 25, 37, 260. We get 2+5=7, 3+7=10, 2+6+0 = 8.

These are not divisible by 3.

We say that if the sum of the digitsisa multiple of 3, then the number
isdivisible by 3.

Is 7221 divisible by 3?

Divisibility by 6 : Canyou identify anumber whichisdivisible
by both 2 and 3? One such number is18. Will 18 be divisible by
2x3=6? Yes, itis.

Find some more numberslike 18 and check if they aredivisible
by 6 also.

Can you quickly think of a number which is divisible by 2 but
not by 3?

Now for a number divisible by 3 but not by 2, one exampleis
27.1s 27 divisible by 67 No. Try to find numbers like 27.
From these observations we conclude that if a number is
divisible by 2 and 3 both then it isdivisible by 6 also.

Divisibility by 4 : Can you quickly give five 3-digit numbersdivisible by
4? One such number is212. Think of such 4-digit numbers. One exampleis
1936.

Observe the number formed by the ones and tens places of 212. It is 12,
whichisdivisible by 4. For 1936 it is 36, again divisible by 4.

Try the exercise with other such numbers, for example with 4612;
3516; 9532.

Isthe number 286 divisible by 4? No. 1s86 divisible by 4? No.

So, we see that a number with 3 or more digitsisdivisible by 4 if the
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number formed by itslast two digits (i.e. ones and tens) isdivisible by 4.
Check thisrule by taking ten more examples.
Divishility for 1 or 2 digit numbersby 4 hasto be checked by actua division.

Divisibility by 8 : Arethe numbers 1000, 2104, 1416 divisible by 8?

You can check that they aredivisible by 8. Let ustry to seethe pattern.

Look at the digits at ones, tens and hundreds place of these numbers. These
are 000, 104 and 416 respectively. Thesetoo are divisible by 8. Find some more
numbers in which the number formed by the digits at units, tens and hundreds
place(i.e. last 3digits) isdivisible by 8. For example, 9216, 8216, 7216, 10216,
9995216 etc. You will find that the numbers themselves are divisible by 8.

We find that a number with 4 or more digits is divisible by 8, if the
number formed by thelast three digitsisdivisible by 8.

|s 73512 divisible by 8?

Thedivisibility for numberswith 1, 2 or 3 digits by 8 hasto be checked by
actual division.
Divisibility by 9 : The multiples of 9 are 9, 18, 27, 36, 45, 54,... There are
other numbers like 4608, 5283 that are also divisible by 9.

Do you find any pattern when the digits of these numbers are added?

1+8=9,2+7=9,3+6=9,4+5=9

4+6+0+8=18,5+2+8+3=18

All these sums are also divisible by 9.

|s the number 758 divisible by 9?

No. The sum of itsdigits 7 + 5+ 8 = 20 isalso not divisible by 9.

These observations|ead usto say that if thesum of thedigitsof anumber
isdivisible by 9, then the number itself isdivisible by 9.

Divisibility by 11: The numbers 308, 1331 and 61809 aredl divisible by 11.
We form atable and seeif the digitsin these numbers|ead usto some pattern.

Number Sum of thedigits | Sum of thedigits | Difference
(at odd places) (at even places)
from theright from theright
308 8+3=11 0 11-0=11
1331 1+3=4 3+1=4 4-4=0
61809 9+8+6=23 0+1=1 23-1=22

We observethat in each casethedifferenceiseither O or divisibleby 11. All
these numbersarealso divisibleby 11.

For the number 5081, the difference of the digitsis (5+8) — (1+0) = 12
whichisnot divisibleby 11. The number 5081 isaso not divisible by 11.
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Thus, to check the divisibility of a number by 11, theruleis, find the
difference between the sum of thedigitsat odd places (from theright)
and the sum of the digitsat even places (from theright) of thenumber.
If the difference is either O or divisible by 11, then the number is
divisible by 11.

N

~ EXERCISE 3.3

1. Usingdivishility tests, determine which of thefollowing numbersaredivisibleby 2;
by 3; by 4; by 5; by 6; by 8; by 9; by 10 ; by 11 (say, yesor no):

Number Divisible by

128 Yes | No | Yes [ No | No |Yes | No [ No | No
990 | i | e | e | | e | e | e | e | e
1586 | oo | e | e | e | e | e | e ] e | e
275 | e | e ] e | e | e ] e | e ] e ]
6686 | oo | e | e | e | | e | e | e | e
639210 | .ooo | e | e | e | e | | e | e | e
429714 | oo | oo | o | o | e | e | e | e | e
2856 | e | e | | | | e | e | e | e
3060 | oo | e | e | e | e | | e | e | e
406839 | oo | v | e | o Lo [ | e e

2. Usingdivigbility tests, determinewhich of thefollowing numbersaredivisible by
4; by 8:
(8 572 (b) 726352 (c) 5500 (d) 6000 (e) 12159
(f) 14560 (g) 21084 (h) 31795072 (i) 1700 () 2150
3. Usingdivisihility tests, determinewhich of following numbersaredivisibleby 6:
(@ 297144 (b) 1258 (c) 4335 (d) 61233 (e) 901352
(f) 438750 (g) 1790184 (h) 12583 () 639210  (j) 17852
4. Usngdivighility tests, determinewhich of thefollowing numbersaredivisbleby 11:
(a) 5445 (b) 10824 (c) 7138965 (d) 70169308 (e) 10000001
(f) 901153
5. Writethesmalest digit and thegreatest digit inthe blank space of each of thefollowing

numbersso that the number formed isdivisibleby 3:
(@ _ 6724 (b) 4765 2
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6. Writeadigitin theblank space of eachof thefollowing numbers so that the number
formedisdivisbleby 11:

(@ 92389 (b) 8__ 9484

3.5 Common Factors and Common Multiples
Observethefactors of some numberstakenin pairs.

(8) What are the factors of 4 and 18? Try These Q)
Thefactors Of 4 are 1’ 2 and 4. Find the common factors of
Thefactorsof 18are 1, 2,3,6,9and18. @820 (915
The numbers 1 and 2 are the factors of both 4 and 18.
They are the common factors of 4 and 18.

(b) What are the common factors of 4 and 15?
These two numbers have only 1 asthe common factor.

What about 7 and 167?

Two number s having only 1 as a common factor are called co-prime
numbers. Thus, 4 and 15 are co-prime numbers.

Are7 and 15, 12 and 49, 18 and 23 co-prime numbers?

(c) Can we find the common factors of 4, 12 and 16?
Factorsof 4 are 1, 2 and 4.
Factorsof 12 are 1, 2, 3, 4, 6 and 12.
Factorsof 16 are 1, 2, 4, 8 and 16.
Clearly, 1, 2 and 4 are the common factors of 4, 12, and 16.
Find the common factors of (a) 8, 12, 20 (b) 9, 15, 21.

L et usnow look at the multiples of more than one number taken at atime.

(& What are the multiples of 4 and 6?
Themultiplesof 4 are4, 8, 12, 16, 20, 24, ... (write afew more)
Themultiplesof 6 are 6, 12, 18, 24, 30, 36, ... (write afew more)
Out of these, are there any numberswhich occur in both the lists?

We observethat 12, 24, 36, ... are multiples of both 4 and 6.
Canyouwriteafew more?
They are called the common multiples of 4 and 6.

U gy,

(b) Find the common multiplesof 3, 5 and 6.
Multiplesof 3are 3, 6, 9, 12, 15, 18, 21, 24, 27, 30, 33, 36, ...
Multiples of 5 are 5, 10, 15, 20, 25, 30, 35, ...
Multiplesof 6 are 6, 12, 18, 24, 30, ...
Common multiplesof 3,5 and 6 are 30, 60, ...
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Write afew more common multiplesof 3, 5 and 6.
Example5 : Find the common factors of 75, 60 and 210.

Solution : Factorsof 75are 1, 3, 5, 15, 25 and 75.
Factorsof 60 are 1, 2, 3, 4, 5, 6, 10, 12, 15, 30 and 60.
Factorsof 210arel, 2, 3,5, 6, 7, 10, 14, 15, 21, 30, 35, 42, 70, 105 and 210.
Thus, common factors of 75, 60 and 210 are 1, 3, 5 and 15.

Example 6 : Find the common multiplesof 3,4 and 9.

Solution : Multiplesof 3are 3, 6, 9, 12, 15, 18, 21, 24, 27, 30, 33, 36, 39, 42,
45,48, ...
Multiples of 4 are 4, 8, 12, 16, 20, 24, 28, 32, 36, 40, 44, 48,...
Multiplesof 9 are 9, 18, 27, 36, 45, 54, 63, 72, 81, ...
Clearly, common multiplesof 3,4 and 9 are 36, 72, 108,...

-, EXERCISE 34

1. Findthecommonfactorsof :
(@ 20and 28 (b) 15and 25 (c) 35and50 (d) 56 and 120
2. Findthecommonfactorsof :
(@ 4,8and 12 (b) 5, 15and 25
3. Findfirstthreecommon multiplesof :
(& 6and8 (b) 12 and 18
4. Writeall thenumberslessthan 100 which are common multiplesof 3and 4.
5. Which of thefollowing numbersare co-prime?
(@ 18and35 (b) 15and 37 (c) 30and 415
(d) 17and68 (e) 216 and 215 (f) 8land 16
6. A numberisdivisibleby both 5and 12. By which other number will that number be
adwaysdivishle?
7. A numberisdivisbleby 12. By what other numberswill that number bedivisible?

3.6 Some More Divisibility Rules

L et us observe afew more rules about the divisibility of numbers.

(i) Canyougiveafactor of 18?1tis9. Nameafactor of 9?1tis3. Is3 afactor
of 18?7 Yesitis. Take any other factor of 18, say 6. Now, 2 isafactor of 6
and it also divides 18. Check thisfor the other factors of 18. Consider 24.
Itisdivisibleby 8 and thefactorsof 8i.e. 1, 2, 4 and 8 also divide 24.

So, wemay say that if anumber isdivisibleby another number then 59
it isdivisible by each of the factor s of that number. _
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(i1) Thenumber 80isdivisibleby 4and5. Itisalsodivisible by
4 x5=20, and 4 and 5 are co-primes.
Similarly, 60isdivisibleby 3and 5whichareco-primes. 60isasodivisible
by 3x5=15.
If a number isdivisible by two co-prime numbersthen it isdivisible
by their product also.

(iii) Thenumbers16 and 20 are both divisibleby 4. Thenumber 16 + 20=361is
also divisible by 4. Check thisfor other pairs of numbers.
Try this for other common divisors of 16 and 20.
If two given numbers are divisible by a number, then their sum is
also divisible by that number.

(iv) The numbers 35 and 20 are both divisible by 5. Is their difference
35-20=15alsodivisibleby 5?Try thisfor other pairs of numbers also.
If two given numbersaredivisibleby anumber, then their difference
isalso divisible by that number.
Takedifferent pairs of numbersand check the four rulesgiven above.

3.7 Prime Factorisation

When anumber isexpressed as a product of itsfactorswe say that the number
has been factorised. Thus, when we write 24 = 3x8, we say that 24 has been
factorised. Thisisone of the factorisations of 24. The othersare:

24=2x12 24=4x6 24=3x8
=2%X2X%X6 =2X2X%X6 =3x2%x2x2
=2%x2x%x2x3 =2%X2%x2x3 =2%X2%x2x3

In al the above factorisations of 24, we ultimately arrive at only one
factorisation 2 x 2 x 2 x 3. In this factorisation the only factors 2 and 3 are
prime numbers. Such afactorisation of anumber iscalled aprimefactorisation.

L et us check thisfor the number 36.

|2x2xgl |3xBX4| szzx9| IZXBxGI
px2x3x3||3x3x2x2||2xzx3x3lmx3XZXS|
IZXZXSXBI IZXZX3X3|

The prime factorisation of 36 is 2 x 2 x 3 x 3. i.e. the only prime
factorisation of 36.
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' Try These &
Do Thls V\\Q Writetheprime
Factor tree factorisationsof
Choosea Think of afactor  Nowthinkof a 16, 28, 38.
number andwriteit pair say, 90=10x9 factor pair of 10
90 10 = 2x5
Write factor pair of 9 90 90
_ v hd
9=3x3 10 S 9 10 ™ 9
'y
2

Try thisfor the numbers

(@8 (b)12 / 90\
10 9

¢ N N

Example 7 : Find the prime factorisation of 980.

Solution : We proceed as follows:

We divide the number 980 by 2, 3, 5, 7 etc. inthisorder repeatedly so long
asthe quotient isdivisible by that number.Thus, the prime factorisation of 980
iIS2x2x5x7x%x7,

980
490
245
49
-

1

NN O NN

f

2~ EXERCISE 35

et~
1. Whichof thefollowing statementsaretrue?
(@ If anumberisdivisbleby 3,it must bedivisibleby 9.
(b) If anumber isdivisibleby 9, it must bedivisibleby 3.
(¢) A numberisdivisbleby 18, ifitisdivisibleby both 3and 6.
(d) If anumberisdivisibleby 9and 10 both, thenit must bedivisibleby 90.
(e) If two numbersare co-primes, at |east one of them must be prime.

(f) All numberswhicharedivisbleby 4 must dsobedivisbleby 8.
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(9 All numberswhicharedivisbleby 8 must asobedivisibleby 4.
(h) If anumber exactly dividestwo numbersseparately, it must exactly dividetheir
um.
(i) 1f anumber exactly dividesthe sum of two numbers, it must exactly dividethetwo
numbersseparately.
2. Herearetwo different factor treesfor 60. Write the missing numbers.

@
60
6/ \1
N, e

0

~ N,

2

(b)

?

60
30/ \
\v

10
P

? ?

Whichfactorsarenot included in the primefactorisation of acomposite number?
Writethegreatest 4-digit number and expressitintermsof itsprimefactors.
Writethesmallest 5-digit number and expressit in theform of itsprimefactors.

Find dl theprimefactorsof 1729 and arrangethemin ascending order. Now Statethe
relation, if any; between two consecutive primefactors.

7. Theproduct of three consecutive numbersisawaysdivisbleby 6. Verify thisstatement
withthe help of someexamples.

8. Thesum of two consecutive odd numbersisdivisibleby 4. Verify thisstatement with
the help of someexamples.

9. Inwhich of thefollowing express ons, primefactorisation has been done?
(@ 24=2x3x4 (b) 56=7%x2%x2x%x2
(c) 70=2x5x%x7 (d) 54=2%x3x%x9

10. Determineif 25110isdivisibleby 45.
[Hint: 5and 9 are co-prime numbers. Test the divisibility of thenumber by 5and 9].

11. 18isdivisibleby both2and 3. Itisalsodivisibleby 2 x 3=6. Similarly, anumber
isdivisible by both 4 and 6. Can we say that the number must also bedivisible by
4 x 6=247?1f not, give an exampletojustify your answer.

12. | amthe smallest number, having four different primefactors. Can you find me?

ST L I
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3.8 Highest Common Factor
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We can find the common factors of any two numbers. We now try to find the

highest of these common factors.

What are the common factors of 12 and 16? They are 1, 2 and 4.
What isthe highest of these common factors? It is4.
What are the common factors of 20, 28 and 367 They are 1, 2 and 4 and

again 4 is highest of these common factors.

Try These Q)
Find the HCF of the following:
(i) 24and36 (ii) 15,25and 30
(i) 8and12  (iv) 12,16and 28

The HCF of 20, 28 and 36 can also be found by prime factorisation of these

numbersasfollows:

2120 2128
2110 214
5[5 707
B B
Thus, ZO:ixixS
28=12(x|2[x 7
36=(2|x|2[x 3 x 3

The common factor of 20, 28 and 36 is2(occuring twice). Thus, HCF of 20,

28and 36is2x 2=4.

N

1. FindtheHCF of thefollowing numbers:

(a) 18,48 (b) 30,42

(e) 36,84 (fH 34,102

(h) 91, 112,49 () 18,54,81
2. What isthe HCF of two consecutive

(& numbers? (b) evennumbers?

The Highest Common Factor
(HCF) of two or more given
numbers is the highest (or
greatest) of their common factors.
Itisalso known as Greatest Common
Divisor (GCD).

36
18
9

Bl Bl Bl

(c) 18, 60
(9) 70, 105, 175
G) 12,45, 75

(d) 27, 63

(¢) odd numbers?
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3. HCF of co-primenumbers4 and 15 wasfound asfollowsby factorisation :

4=2x2and 15 =3 x 5sincethereisno common primefactor, so HCF of 4 and 15
isO. Istheanswer correct?If not, what isthe correct HCF?

3.9 Lowest Common Multiple

What are the common multiplesof 4 and 6? They are 12, 24, 36, ... . Whichis
the lowest of these? It is12. We say that lowest common multipleof 4and 6is
12. It isthe smallest number that both the numbers are factors of this number.

The Lowest Common Multiple (LCM) of two or more given numbersis
the lowest (or smallest or least) of their common multiples.

What will be the LCM of 8 and 12?4 and 9? 6 and 9?
Example 8 : Find the LCM of 12 and 18.

Solution : We know that common multiples of 12 and 18 are 36, 72, 108 etc.
The lowest of these is 36. Let us see another method to find LCM of two
numbers.

The prime factorisations of 12 and 18 are:

12=2x2x3; 18=2x3x3

In these prime factorisations, the maximum number of times the prime
factor 2 occursistwo; this happensfor 12. Similarly, the maximum number
of timesthe factor 3 occursistwo; this happensfor 18. The LCM of thetwo
numbers is the product of the prime factors counted the maximum number
of timesthey occur in any of the numbers. Thus, inthiscase LCM =2 x 2
x3x3 =36.

Example 9 : Find the LCM of 24 and 90.

Solution : The prime factorisations of 24 and 90 are:
24=2x2x%x2x3; 90=2x3%x3x%x5

I n these prime factorisationsthe maximum number of timesthe primefactor
2 occursisthree; thishappensfor 24. Similarly, the maximum number of times
the primefactor 3 occursistwo; thishappensfor 90. The primefactor 5 occurs
only oncein 90.

Thus, LCM =(2x 2 x 2) x (3x 3) x5=360

Example 10 : Find the LCM of 40, 48 and 45.
Solution : The prime factorisations of 40, 48 and 45 are;

40 =2x2x2x%x5

48 =2%x2x2%x2x%x3

45=3x3x5

The prime factor 2 appears maximum number of four timesin the prime
factorisation of 48, the prime factor 3 occurs maximum number of two times
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in the prime factorisation of 45, The prime factor 5 appears one time in the
prime factorisations of 40 and 45, wetakeit only once.

Therefore, required LCM = (2% 2x 2% 2)x(3x 3) x 5=720

LCM can aso befoundinthefollowingway :

Example 11 : Find the LCM of 20, 25 and 30.
Solution : Wewrite the numbersasfollowsinarow :

2|20 25 30 A)

210 25 15 (B)

3| 5 25 15 (C)

5/ 5 25 5 (D)

5/ 1 5 1 (E)
1 1 1

So,LCM = 2x2x3x5x5,

(A) Divide by theleast prime number which divides atleast one of the given
numbers. Here, itis2. The numberslike 25 are not divisible by 2 so they
arewritten assuch inthe next row.

(B) Againdivideby 2. Continuethistill we have no multiplesof 2.
(C) Divideby next primenumber whichis 3.

(D) Divideby next primenumber whichisb.

(E) Againdivideby5.

3.10 Some Problems on HCF and LCM

We come across a number of situationsin which we make use of the concepts
of HCF and LCM. We explain these situations through afew examples.

Example 12 : Two tankers contain 850 litres and 680 litres of kerosene ail
respectively. Find the maximum capacity of acontainer which can measurethe
kerosene ail of both the tankers when used an exact number of times.

Solution : Therequired container hasto measure
both the tankersin away that the count is an exact
number of times. So its capacity must be an exact |
divisor of the capacities of both the tankers.
Moreover, this capacity should bemaximum. Thus,
the maximum capacity of such acontainer will be

the HCF of 850 and 680.
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Itisfound asfollows:

2 | 850 2 1680
5 425 2 340
5 85 2 [170
717 5 [85
T 77

—1—
Hence,

850=2x5%x5x%x17 2(x[5]|x[17|x 5 ad
680=2%x2x%x2x5x 17 xx 17(x 2x2

The common factors of 850 and 680 are 2, 5and 17.

Thus, the HCF of 850 and 680is2 x 5x 17 = 170.

Therefore, maximum capacity of the required container is 170 litres.
It will fill thefirst container in 5 and the second in 4 refills.

Example 13 : Inamorning walk, three persons step off together. Their steps
measure 80 cm, 85 cm and 90 cm respectively. What isthe minimum distance
each should walk so that all can cover the same distance in compl ete steps?

Solution : Thedistance covered by each one of themis
required to bethe sameaswell asminimum. Therequired
minimum distance each shouldwalk would bethelowest
common multiple of the measures of their steps. Can
. youdescribewhy? Thus, wefind theLCM of 80, 85 and

90. The LCM of 80, 85 and 90 is 12240.
Therequired minimum distanceis 12240 cm.

Example 14 : Find theleast number which when divided
by 12, 16, 24 and 36 |leavesaremainder 7 in each case.

Solution : Wefirst find the LCM of 12, 16, 24 and 36 asfollows:

T T T T T T T T T T T T T

2112 16 24 36
2| 6 8 12 18
2, 3 4 6 9
21 3 2 3 9
3,3 1 3 9
3/1 1 1 3

1 1 1 1

Thus, LCM =2x2x2x2x3x3=144
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144 istheleast number which when divided by the given numberswill leave

remainder O in each case. But we need the least number that |eavesremainder 7
in each case.

Therefore, the required number is 7 more than 144. The required least

number = 144 + 7 = 151.

&

10.

» EXERCISE 3.7

Renu purchasestwo bagsof fertiliser of weights 75 kg and 69 kg. Find the maximum
val ue of weight which can measuretheweight of thefertiliser exact number of times.

Threeboysstep off together from the samespot. Their stepsmeasure 63 cm, 70cm
and 77 cm respectively. What i sthe minimum distance each should cover sothat all
can cover thedistancein complete steps?

Thelength, breadth and height of aroom are825 cm, 675 cm and 450 c respectively.
Find thelongest tape which can measure thethree dimens onsof theroom exactly.

Determinethesmallest 3-digit number whichisexactly divisibleby 6, 8and 12.
Determinethe greatest 3-digit number exactly divisibleby 8, 10 and 12.

Thetrafficlightsat threedifferent road crossings change after every 48 seconds, 72
seconds and 108 seconds respectively. If they change simultaneously at
7am., a what timewill they change s multaneoudy again?

Threetankerscontain 403 litres, 434 litresand 465 litres of diesel respectively. Find
themaximum capacity of acontainer that can measurethediesd of thethreecontainers
exact number of times.

Find theleast number whichwhen divided by 6, 15 and 18 leaveremainder 5ineach
case.

Find the smallest 4-digit number whichisdivisibleby 18, 24 and 32.
FindtheLCM of thefollowing numbers:
(@ 9and4 (b) 12and5 (c) 6and5 (d) 15and4

Observe acommon property inthe obtained LCMs. IsLCM the product of two
numbersin each case?

Find the LCM of thefollowing numbersin which one number isthefactor of the
other.

(@ 5,20 (b) 6,18 () 12,48 (d) 9,45
What do you observein theresults obtained?
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1

2.

What have we discussed?

We have discussed multiples, divisors, factorsand have seen how to identify factors
andmultiples.

We have discussed and discovered thefollowing :

(& Afactor of anumber isan exact divisor of that number.

(b) Every number isafactor of itself. 1isafactor of every number.

(c) Every factor of anumber islessthan or equal to the given number.

(d) Every number isamultipleof each of itsfactors.

(e) Every multipleof agiven number isgreater than or equal to that number.
(f) Every numberisamultipleof itself.

Wehavelearnt that —

(& Thenumber other than 1, with only factorsnamely 1 and the number itself, isa
prime number. Numbersthat have more than two factors are called composite
numbers. Number 1 isneither primenor composite.

(b) Thenumber 2isthesmallest primenumber andiseven. Every primenumber other
than 2isodd.

(¢) Two numberswith only 1 asacommon factor are called co-prime numbers.

(d) If anumber isdivisible by another number thenitisdivisbleby each of thefactors
of that number.

(& A number divisbleby two co-primenumbersisdivisbleby their product aso.

We have discussed how we canfind just by looking at anumber, whether itisdivisble

by small numbers 2,3,4,5,8,9 and 11. We have expl ored the rel ationship between
digitsof thenumbersand their divisibility by different numbers.

(@ Divisibility by 2,5and 10 can beseen by just thelast digit.

(b) Divishbility by 3and 9ischecked by finding thesum of al digits.

(c) Divishility by 4 and 8ischecked by thelast 2 and 3 digitsrespectively.

(d) Divisibility of 11 is checked by comparing the sum of digitsat odd and even
places.

We have discovered that if two numbers are divisible by a number then their
sum and differencearea so divisibleby that number.

Wehavelearnt that —

(& TheHighest Common Factor (HCF) of two or more given numbersisthe highest
of their common factors.

(b) TheLowest CommonMultiple(LCM) of two or moregiven numbersisthelowest
of their common multiples.



